Abstract. We consider the spin representation of Artin's braid group, which has a negative index of one and was originally given by D. D. Long and explicitly computed by J.P.Tian. In our work, we find sufficient conditions under which the complex specialization of that representation, namely α : B n → GL n 2 (C), is unitary relative to a nonsingular hermitian matrix.
Introduction
The braid group, B n , has a well-known representation due to Artin in the group Aut(F n ) of automorphisms of the free group F n generated by x 1 ,. . . , x n . The automorphism corresponding to the braid generator σ i takes x i to x i x i +1 x −1 i ; x i +1 to x i , and fixes all other free generators. Applying the Fox derivatives and Magnus representation, we get the classical Burau representation which is of degree n. Given a compact semisimple Lie group G and a free group F n of rank n, D. D. Long constructed a new representation of the braid group by letting the automorphisms of the free group F n act on the representation variety R = R(F n ,G) [3] . J.P.Tian has made explicit computations when G = SU (2, C), the group of unitary matrices of determinant 1 [6] . It was shown that the Weyl group W (G n ) is Z 2 n and it is has a one-to-one correspondence with the set of all spins (s 1 , s 2 , . . . , s n ). These spins are the immediate result of the action of the Weyl group W (G) on S 1 . For more details, see [6] . Generalizations to include subgroups of B n were made by S.Bigelow and J. P. Tian [1] . Each of the components of the maximal torus
n is given an orientation with a number s i = ±1, i = 1, 2, . . . , n. The set (s 1 , s 2 , . . . , s n ) is called the spin S. The cardinality of the set {s i | s i = −1}
gives the negative index b(S). When b(S) = 0 or b(S) = n, the spin representations are simply the classical Burau representation after we replace λ 2 by t and t −1 respectively. In our work, we consider the case b(S) = 1, where its corresponding representation is of degree n 2 .
In Section 2, we define the complex specialization of the spin representation with the negative index b(S) = 1, namely α(z) : B n → GL n 2 (C). Here, z is a complex number on the 
Definitions Definition 1 ([2]
). The braid group on n strings, B n , is the abstract group with presentation Tian has made explicit computations for such a representation [6] . Hence, we introduce the following definition.
Definition 2 ([3, 6])
. Given a non zero complex number on the unit circle, namely λ. The complex specialization of the spin representation of the braid group α(λ) :
with the negative index of one, is defined as follows:
, where
and
Here, we mean by τ k the image of the braid generator under the spin representation with the spins of b(S) = 1. For simplicity, we denote λ 2 by z.
It is clear that the matrices corresponding to τ k 's satisfy the relations among the braid group generators.
Spin Representations with b(S)
be an involution defined as follows:
Definition 4. Let H and U be elements of GL n 2 (C). U is called unitary (relative to H ) if
Having z = λ 2 , a non zero complex number on the unit circle, we determine sufficient conditions for z under which the spin representation of the braid group, having the negative index of one, is unitary. Proof. We distinguish between three cases. 
Here, i is the complex number given by i 2 = −1. M i , where M i is the n × n matrix given by
. . .
Alternatively, one may write the matrix M i as
, where R = (r s,t ) is the (i −1)× (i − 1) matrix given by
Also, the matrix S is the (i −1) column matrix with 1+z as its entries, T is the (i −1)×(n−i ) matrix with
as its entries and U is the n − i row matrix with 1+z z 2 as its entries.
Having that det(M
(1 − z) = 0 by our hypothesis, we get that M i is an invertible hermitian matrix for every i = 1, . . . , n. This implies that that N is also hermitian and invertible. Under direct computations, we have that for 1
For simplicity, we set g = 1+z z . Throughout the following work, we will only write the entries of the k t h and the (k + 1) t h rows in the matrices M i , and all other entries from different rows will be denoted by * since they remain unchanged after performing the matrix multiplication.
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We now prove that
The matrices G k and M i are given by
Direct computations show that
Using simple computations, it is easy to see that
we show that the equality also holds true for k + 2 ≤ i ≤ n.
On the other hand, the matrices F k and M k+1 are given by
Using simple computations, it is now easy to verify that
Finally, the matrices E k and M k are given by We then conclude thatτ k N τ k * = N and so the proof is completed.
Remark 6.
It is easy to see, by Theorem 5, that for n = 2 and n = 3 , α(z) : B n → GL n 2 (C)
is unitary relative to a nonsingular hermitian matrix for all complex numbers z on the unit circle.
